The simplified system of dynamic equation is solved by use of the first and the third kind of elliptic functions, to study the non-linear feed-back mechanism in the barotropic atmosphere.
The term on the right hand side of equation (2) indicates the non-linear effect and can be resolved into the following elementary system of equations :
where OD 02, 03 denote C7, Yr,T22, rz? respectively, (-) denotes the conjugate function of ( ), D1, D2, D3 are used in place of n1(n1+1), n2(n2+1), n3(n3+1) respectively, and D23=D2-D1, D13=D1-D3, D21=-D2-D1 and If one substitute the so-called representative scale A (= V2/E2) into equations (7) are given and the left hand sides of the first and third relations of equation (15) are always positive because the order, of magnitude satisfies D1>D2>D3, so Now, let us solve equation (14) by rewriting it into the form Fig. 1 indicates the behaviour of the cubic expression ca (X) against X, and a" a3 have always real values, because equations (10) require and the value of X is restricted to the limit from p, to p3 or p,.
Taking these conditions into consideration, the solutions for equation (14) can be divided into two cases, i.e., one is a) cr2>X>c13>04, X10, * p12<o , p23>o, from Di.> 2 .-D3. where R and I mean " real " and " pure imaginary ". These correspond to the minimum cases of LORENZ.
Until now we have derived only the solutions for the time variation of amplitude. Therefore we must derive the formula of time change of the phase angles of disturbances in order to follow the whole process of variations. These relations may be used for many purposes, e.g., of evaluating truncation errors due to time extrapolation of the non-linear equation of motion, and non-linear barotropic behaviour of the atmosphere and so on, but we have no detailed numerical table for the third kind of elliptic function, so that it is more convenient to calculate by numerical integration if merely individual computations are required.
Various characters of the barotropic disturbances
The non-linear characters of the barotropic disturbances can be observed to be kept still in these simple systems of equations derived hitherto.
Therefore, let us hereafter investigate some features in the barotropic atmosphere by use of equations (5) In fact, these systems can not become unstable in the conventional meaning of the linear theory, because the total energy is sure to be conserved among the disturbances and merely the existence of a relatively rapid development compared with other systems of disturbances is possible.
b) Distributions of kinetic energies
The right hand sides of equations (21) and (23) can be divided into two parts, one being stationary and the other being dependent upon the time, namely
These relations are used for the case (a) , and in the case of (b) the same X1, X2, X3 and should be used instead. Vol. XII No. 3~4
It can be noticed from equations (37) and (38) that 1) the largest and smallest scales of disturbances together form a counterpart to the middle scale disturbance, 2) the ratio of redistribution of kinetic energies is characteristic of that system and independent of a23 or a21 which is to be determined from the initial values of kinetic energies, and 3) the energy exchange of one component with a disturbance of middle scale takes place in such a manner that the magnitude of exchange is larger for the couple of disturbances of which the difference of scale is smaller as evidently shown by the relation Therefore one can say that energy exchange between disturbances of large-scale and small-scale motions is small in magnitude, and the influence of a couple of two disturbances of small scale upon large-scale ones is small. if the wave-number of this disturbance is near to this domain, then such disturbances, D12 being not so large, belong to the groups of <D2 and Di -2 D210212, and conversely if D12 is large they will belong to the groups of A> D2 and Di 17-1-0 (1/D1) • Therefore it may be concluded qualitatively from these relations that the spectrum truncation error is confined to the proximity of the end of the spectrum and further that error is slow to be propagated into the domain of larger scale.
As the above conclusion is of importance, we have demonstrated it by two numerical experiments, one being the prediction of the barotropic atmosphere from the standpoint of excluding errors which are concentrate upon the proximity of the end of the spectrum, and the other being performed with the use of a simplified system of barotropic vorticity equation. Namely, Fig. 2 corresponds to the former calculation and shows the correlation coefficients (ordinate) against the number of interaction coefficients used in integration of the barotropic vorticity equation, in which the selection of coefficients was carried out by the magnitude of which is to be given by applying the statistical relation of spectrum distribution to equation (5) , retaining its property of conservation of mean kinetic energy.
From this figure it will be noticed that the two disturbances of small scale may be neglected and the results are the best for the computation in which about 20,000 interaction coefficients are employed.
One reason for this is supposed to be the various errors accompanying the treatment of small-scale disturbances. However, the real reason is not clear to us.
c) Period of variation of disturbances
It is beyond doubt that as the period of our system is dependent greatly upon the initial values of motion, a perfectly general treatment of this problem is impossible.
So, we shall pick up some special cases as limiting cases for their study. It is, then, readily seen from Fig. 1 that the range of variation of modulus k is and in both cases the largest values of the upper limit become unit for A=D2. This and this does not exceed a certain value T0, which can be evaluated to be about 5. 5 days in the actual atmosphere from the following rough estimations :
In the observed atmosphere such a short period sometimes accompanies the energy exchange between the zonal flow and the eddy components of disturbances, and the period of non-linear exchange of kinetic energy among eddy components may be supposed to be far longer than the above (because A is nearer to D2). To see this fact further from other points of view we have integrated the barotropic vorticity equation (1) or (2) by assuming that a non-linear term is constant over time increment 4t=6 hours to obtain the analytical solution [Appendix] and compared with the results obtained by the conventional method with the use of time increment 41-=3 hours. Table 1 indicates the differences between the above two kinds of computations for each component, which seems to verify the conclusion that the period of variation of a non-linear term is relatively long. Let us here scrutinize into the detailed behaviour of the period, the limiting case of which is to be expressed by the formula, if A>D2 or D3D23103l2<DID1210]i2, with modulus with modulus And these types of period have two sides, one of which is proper to the respective simplified system of motion and can be determined only by the interaction coefficient L and wave numbers D1, D2, D3, and the other depends completely upon the initial spectral distribution of kinetic energies in that system. Parameters A and E belong to the latter side. The side proper to the system is of immense interest to us, but it is very difficult to treat in general because L is a complex function of wave number D. Therefore, we shall here take up only the latter side of this problem, and study the nature of the period of variation under the specified parameters L, E, D1, D2 and D3.
(case I) Small-scale motion predominates, i.e., 10112 is very large.
This case belongs to A>D2, and from equation (42) it is seen that the higher the degree of predominance of !cb112 is, the nearer the value of A approaches to D1 and the period of variation becomes the shorter. Moreover, that inclination is in creased in such a system that the middle-scale D2 is located near the smaller-scale D1.
(case II) Large-scale motion predominates, i.e., 10312 is very large.
This case belongs to A<D2, and from equation (43) it can be seen that the higher the degree of predominance of 10312 is, the nearer the value of A approaches to D3 and the period of variation becomes shorter. Moreover, such inclination is increased in such a system that the middle-scale D2 is located near the larger-scale D3.
To synthesize this, the period of variation becomes longer when a disturbance of middle scale predominates, and the nearer the scale of that middle-scale disturbance to each of other two components, the longer the period of variation becomes.
And the period is proportional to the reverse of total kinetic energy, the reason for which is not clear to us, but is supposed to be the magnification effect of kinetic energy when their spectral balance has been broken.
Remarks
Hitherto it has been a subject of discussion whether the origin of periodicity observable in the so-called index cycle phenomena could be found in the barotropic variation in the atmosphere or in the baroclinic variation or else in other forces outside of our system. However, so far as this study has been concerned, it seems to be impossible to decide ultimately, because it is possible in principle to contain all periods longer than three days even in the barotropic variation.
However, it may be concluded from the observed data that the so-coiled index-cycle can be more reasonably explained by the baroclinic process.
In the present study it has been made pretty clear that the influence of smallscale disturbances upon large-scale ones is small and its period is very long and our system of m<12, n-m<15 is supposed to be enough for long-range forecasting with our method.
One more reason supporting this standpoint is that there seem to be no observations showing the concentration of kinetic energies in the domain of wave numbers higher than m=12, n-m=15, and this system cut off the infinite growth of kinetic energies in the small-scale disturbances due to its feed-back mechanism.
Namely, instability in terms of linear theory can not exist in this system. Finally, the advantageous point stated here that time change of non-linear effect must be tested also for the baroclinic model in the future.
However, it seems that this rule also has been undisturbed even in the baroclinic model, which is now under investigation by M. AIHARA.
